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Fig. 10. Measured axial ratio of two-dimensional slot array.

the phase center separation in elevation between the linear
arrays. Thus, two residual grating lobes remain. One is
directly above and the other directly below the horizontal
plane. As more pairs of linear arrays are added, the mag-
nitude of these grating lobes is reduced until they disappear
entirely. For the present case, in which there are only a
total of eight linear arrays, the suppression of these re-
sidual grating lobes is incomplete. The degree of cancella-
tion is also dependent on manufacturing tolerance of
various components. Obviously, imbalance in either ampli-
tude or phase between the linear arrays would produce a
residual sidelobe. The reduction of this residual grating
lobe is automatic when more linear arrays are employed,
as in a typical two-dimensional array. An estimate of the
residual grating lobe as a function of the number of linear
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arrays has been made. For a typical planar array antenna
consisting of 40 linear arrays, the residual grating lobe is
estimated to be below 40 dB.

Radiation patterns were also measured for various scan
angles, for various incident polarizations, and over a 6-
percent frequency band with comparable results.

The experimental array was set for circular polarization
and the axial ratio was measured over various points
within the main beam. As shown in Fig. 10, the axial ratio
between the 3 dB points is within 0.5 dB and the cross
polarization level was measured to be about —30 dB at
the main beam region and is generally much lower else-
where.
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Computation of Radiation from Wire Antennas

on Conducting Bodies
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Abstract—A theoretical formulation, in terms of combined mag-
netic and electric field integral equations, is presented for the class
of electromagnetic problems in which one or more wire antennas
are connected to a conducting body of arbitrary shape. The formula-
tion is suitable for numerical computation provided that the overall
dimensions of the structure are not large compared to the wave-
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length. A computer program is described, and test runs on various
configurations involving a cylindrical body with one or more straight
wires are presented. The results obtained agree well with experi-
mental data.

I. INTRODUCTION

OR RADIATING systems that are not large com-

pared to the wavelength, several methods are available
for the determination of radiation patterns. For antennas
mounted on structures which closely approximate simple
geometrical shapes, the problem may well be attacked
analytically [1]-[3], or by combined analytical and
numerical methods [4]. However, when more complex
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Fig. 1. Example of structure.

geometries are involved, as in the case of antennas on
spacecrafts, resort has to be taken to purely numerical
techniques, in which solutions to Maxwell’s equations or
integral equations derived from these, are obtained with
the aid of a fast computer. A computer program for solving
complicated radiation or scattering problems of the kind
indicated is in many cases equally as accurate as experi-
mental procedures, and more convenient. Various examples
of such programs have been described in the past few
years [51-[10].

The present work deals with a specific class of radiating
structures, the typical features of which are illustrated in
Fig. 1. Here, a number of wire antennas 4 and a number of
booms (passive antennas) B are attached to the surface
of a metallic body C which may, at least in principle, be
arbitrarily shaped. The complete structure is assumed to
have a maximum linear dimension which is not large com-
pared to the wavelength. Fig. 1 is actually an idealiza-
tion of the shape of a small scientific satellite with four
antennas operating in a turnstile mode, and two booms
for support of measurement equipment. Although this
particular interpretation of Fig. 1 formed the primary
motivation of the work reported here, the geometry is
common to other types of radiating systems of interest,
e.g., antennas on ships, cars, ete.

For the class of structures described it seems a natural
choice to attempt a formulation in terms of integral
equations. Several forms of integral equations suitable
for solid bodies and thin wires exist [6]. Although the
electric-field integral equation (EFIE) has been used as a
basis for the numerical solution of scattering or antenna
problems involving (large) bodies of revolution [117,
the magnetic-field integral equation (MFIE) is more
attractive for generally shaped voluminous structures.
For thin wires or plates, however, the MFIE is known to
fail, and one is forced to use the EFIE equation in such
cases, or to modify the MFIE equation in a suitable
way [12], [13].

In view of the properties of the MFIE and the EFIE,
the authors have used the MFIE for the solid body,
whereas the EFIE in its thin-wire approximation has been
applied to the wire parts of the structure. The mutual
coupling between wires and body, and viece versa, is taken
account of through the source terms in the integral equa-
tions [147]. A computer program based on this technique
has been developed.

In Section IT the important features of the MFIE and
EFIE are summarized. In Section III it is explained how
the coupling between body and wires may be computed
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using a surface current interpolation scheme. A formulation
of the combined MFIE and EFIE equations particularly
suitable for computer solution is given in Section IV. A
short desecription of the structure of the computer pro-
gram and examples of computations with experimental
verifications are given in Section V.

II. MagnETIC AND ELEcTRIC FIELD INTEGRAL
EquaTioxNs

From Maxwell’s equations, the following MFIE
for the surface current density J on the surface S of a
perfectly conducting_ body in an incident field with mag-
netic field strength Hi* may be derived [6]:

*
W) +ax [ JEa) X Veds
s

= —f X H(gn). (2.1)

Here, # is an outward unit normal vector to the surface.
Furthermore, ¢ = exp (—jkR)/4xR, where R is the
distance between the observation point (%) and source
point. (¢,7") on area element dS’, and where k is the wave-
number. The asterisk denotes that the integration is
carried out on the surface punctured at (£,7). The symbol
Vv’ denotes a gradient with respect to the primed coordi-
nates. The time factor used is exp ( jet). In operator nota-
tion (2.1) may be written

Ly = —#A X Hive, (2.2)

For a perfectly condueting thin straight wire, the
following EFIE may be derived [6]:
1 8* .
— (ﬁ + k.“’d)) I1(s')ds’ = —Ei**(s) (2.3)
Jwe J . \ 98
where it is assumed that the current 7 has an axial com-
ponent only (thin wire approximation). Here, L denotes
the interval for the coordinate s’ of a source point on
line element ds’ along the wire, while

¢ = exp {—gk[ (s — &) + &®]2}/[(s — &)’ + 1

where a is the wire radius. E,™° is the component of the
electric field strength of the incident field in the direction
of the wire, and e the dielectric constant. In operator
notation we have

Lgl = —E,i=. (2.4)

Using pulse functions for expansion and point-matching,
the moment method formulations [15] of (2.2) and (2.4)
become, respectively

[<5P7LJ{IVQ>:|[J-Q] = _I:<6mﬁ X ﬁim}l

= 1,2;"';%} q = 1;27“‘:an (25)
and
[GoLePs) 1] = —[{8,E, )],
T=12cjm; 7 =124%Jm (2.6)



202

In these formulas §, and §; are Dirae delta functions on S
and L, respectively. The centers of these (match points)
are on the pth of the g, patches into which the surface is
divided, and on the ith of the j. segments into which the
wire is divided, respectively. W, and P; are pulse functions
with amplitude unity on the gth patch, and on the jth
segment, respectively, and zero elsewhere. Long-hand
expansion of (2.6) may be found in [[167].

While (2.5) is of a vector character, and may be split
into two scalar systems of ¢.. linear equations in the 2g,
unknown components of the surface current density
coefficients J,, (2.6) represents a system of j,, linear equa-
tions in the j, unknown current coefficients ;.

When implemented on a computer both the total num-
ber of surface patches g, at the MFIE and the total num-
ber of wire segments j» at the EFIE must be chosen large
enough in order to obtain sufficiently accurate solu-
tions [6].

I11. CourriNGg BETWEEN Bopy AND WIRE

In order to take the wire-body coupling into account,
as described in Section I, we need formulas for the mag-
netic and electric fields from known current distributions.
These may be found in standard texts, e.g., [17]. At a
patch with unit normal vector 7 and a segment with unit
tangential vector § we get the following contributions to
the tangential magnetic and electric fields, respectively

AX B =4 X f I8 X Vigds' = L'l (3.1)
L

and

E.() = Ls/ VX (VX () dS = LgJ  (3.2)
Jwe  Jg .
where we have introduced an operator notation along the
same lines as above.

After having expanded the currents in (3.1) and (3.2)
into pulse functions with coefficients I; and .J,, in a similar
manner as in Section II, we obtain the following matrix
equation for the unknown currents in the mixed problem

<5p:L-HWq> ' (5p1LM,Pj> PJ!I

(GoLeW) | (6,LePy)y || I

with p = 1,2,-+ < ,qm; ¢ = 1,2,2 ¢ ,gm; 7 = 1,2, ++,5; and
J=12,-- *)Jme

This equation is of mixed scalar and vector form, and
may be expanded into sealar form alone by introducing the
proper decompositions of the veetor quantities.

In order to compute the off-diagonal (coupling) coeffi-
cients in (3.3) a careful treatment of the currents close to
the wire attachment area is necessary. The operator Lz’
is well behaved, hence it suffices to use pulse functions in
(3.1) for all segments including the attachment segment.
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Fig. 2. Details of wire attachment area.

The operator Lg/, on the other hand, has a singularity of
third order, which makes it necessary to use at patches on
which wires are attached, a more accurate expression for
the surface current density J than pulse functions. The
technique used is deseribed below for the case of quadri-
lateral patches.

In Fig. 2, ABCD is a quadrilateral patch in a body
segmentation scheme set up before the wires are brought
into the picture. In order to introduce an interpolation of
the surface current density on ABCD which takes into
account the attachment of a wire, ABCD is divided into
four pateches as shown. A local coordinate system (&,7)
isintroduced in which A4, B, C, and D have the coordinates
(&,m), (2,m2), (&,m2), and (£4,14), respectively. The match
points of the four patches are denoted Py, - +-,Py, and the
unknown surface current densities in these points.Jy, - -« ,Ja.
The match point on the first wire segment is P, and the
corresponding unknown current I,. The coordinates for
Pyyv-,Pyare (5/2,m/2),« -, (£4/2,9:./2), Tespectively.

A suitable expansion of the surface current density
J (£,) over ABCD should meet the following requirements:

J (£/2m:/2) = J = 1,-+4,4 (3.4)
and

Vs'j(im) = JU(E)”) - -[06(5;77) (3'5)

where V,- denotes surface divergence, and where Jo(£,n)
is continuous across ABCD. One such expansion is

4 i LI
271_(352 ¥ 772) + EJ‘ gt(E:"?)-

The interpolation functions, gi(¢7),+++,9:(&m), are
required to have the following properties across ABCD: 1)
gi: (Em) is differentiable; 2) gs (Ei;'ﬂi) = 512.1'7 for ¢ = 1;' * ';4
andj = 1,--+,4, where §,;is the Kronecker delta; and 3)
giEm) + o0 FgulEm) = L.

These requirements are fulfilled by the hyperbolic
paraboloids used in this study. Hyperbolic paraboloids
are particularly well suited for quadrilateral surface
patches, and are merely specific examples of the more
general “wedge functions” introduced by Wachspress [18]
as interpolation functions for surface patches of a general
shape.

The fields due to the currents on the attachment patches
and segment may be expressed in terms of Ji',-+-,J4,

J(gEn) = Io (3.6)
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and 7/, as the moments
[(6n7 X H)Y] = [BIJ']+ [Ws1l 3.7)
(30,E:) = [Bw][J'] + WI, (3.8)

where [[B]is a matrix derived from (2.5), W is a coefficicnt
derived from (2.6) and [Wz] and [Bw]| are matrices
derived as inner products between (3.1) and §,, and be-
tween (3.2) and 6, respectively. Here &, and 6, are delta
functions defined in Section II. In the computations [B],
[Ws], and W are evaluated using the simple technique
used for all other elements of (3.3), i.e., the unknown
current densities are approximated by pulse functions,
while [ By ] is computed as the moments of § (at P,) and
(3.2) with (3.6) inserted.

If (3.6) isinserted into (3.4), a set of linear equations is
obtained which may be solved for Jy,---,J4. In this
manner the fields at Py, Ps,---,P; due to currents on the
attachment patches and segment are expressed in terms of
the unknowns J,- - -,J4 and Iy occurring in (3.3).

It is noted that the interpolation technique described
permits continuity of the current at the attachment point
of the wire without introduction of new unknown quan-
tities.

IV. ForMmrLATION FOR COMPUTER SOLUTION

In this section we shall show how (3.3) may be rewritten
in order to cut down computer storage requirements.
From (3.3) we have by multiplying out formally
L LaeW o) 0] + [0 Lo’ P3) ILLS]

= —[{6pft X )] (4.1)

and
[{6s Le' W)L 11 + [(6:LeP )LL)
= —[(: )]
Equation (4.1) may now be solved for [.J,].
[/d = =L LaW o) I (6,7 X Hinc)]
— {60, LarW o) T [ {35 Lar' P1)I[1]  (4.3)
which by insertion in (4.2) yields
(=[48Le W o) L6 Lar W) T (3, Line P ]
+ [ LeP ) D]
= [@s L' W) L (8n Lar W ) I [ (35578 X Hime)]
—[{6:,E,im) ].

When this equation has been solved for [1;], [/,] may be
found from (4.3).

Equation (4.4) is of a form similar to the moment solu-
tion (2.6} of the EFIE for a wire in free space. However,
extra terms occur on both sides of the equality sign. These
precisely account for the presence of the conducting body,
and (4.4) may be considered to be the moment method
formulation of an electric field integral equation similar to
(2.3), with the (free space) Green’s function ¢ modified

(4.2)

(4.4)
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to take the conducting body into account. This is analogous
to the integral equation formulation given in [4] for the
particular case of a monopole on a sphere, where the
modified Green’s function is available in analytical form.

An equation for [J,] analogous to (4.4) may also be
derived. The result is

([ {8 Lae’ P (85, LuP5) [ {00, Le' W o) ]
+ [@n LW ) DLJ,]
= [Gp L P (0 LeP )T [(85E )]
—[{8,,78 X Hne)].

This equation may be considered to be the moment method
formulation of an MFIE similar to (2.1), with a kernel
that takes the conducting wire into account.

For a problem involving 7., segments and ¢,. patches the
original matrix in (3.3) has (2gm + j=)* elements. With
the preceding approach totally no more than two ma-
trices with a total number of elements not exceeding
20w (2qm + jm) O ju (Jm + 2¢um), any of which is the largest
figure, must be in core storage in the computer, simul-
taneously.

In the present work, (4.4) forms the basis of computa-
tions. In the computer program, the operators Ly and Lg
have been evaluated using rectangular rule for the integra-
tion. The coupling between the attachment segment and
the attachment pateh is computed using Romberg integra-
tion in L and a rectangular rule with 100 subdivisions
in Lg’. All other couplings are computed using a simple
rectangular rule in both Ly’ and Lg’.

The computation of the radiation pattern from [7;]
and [/,] is a standard procedure, which may be found in
textbooks, e.g., [17]. For this reason details are omitted.

(4.5)

V. CoMPUTATIONS AND COMPARISONS WITH EXPERIMENTS

The computer program constructed for the present
investigation consists of a main program and 34 Fortran
subroutines. The sequence of computations ig divided into
four distinet parts.

First, the complete geometry is specified. This includes
all coordinates of the structure as well as the segmentation
parameters for body, antennas, and passive booms. In
the second part of the computer program, the left-hand
side matrix in (4.4) is formed and stored in an array. In
the third part of the program, (4.4) is solved for the
currents on all antennas and other wires attached to the
body. Equation (4.3) then yields the surface current
densities. Finally, the radiation pattern is computed. A
number of test runs of the program and comparisons with
experiments have been made for a circular cylindrical body
with straight antennas and passive booms.

The experimental model is shown in Fig. 3. The height
and diameter of the cylindrical body are 220 mm and 200
mm, respectively. Inside the model, a battery-powered
transmitter for the frequency range 0.5-1.0 GHz is placed.
On the surface of the model, monopole antennas and
passive booms may be mounted in a variety of positions.
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TABLE I
Configuration Number of Number of Run times (in seconds) on IBM 370/165
illustrated surface wire
in figure patches segments (T)= (T)e (T)e (T)d (T)e
4(a) 57 4 4 17 ~0 21 10
4(b) 60 12 5 23 ~0 28 19
4(c) 60 20 6 25 ~0 31 22
5(a) 57 6 4 17 ~0 21 10
5(b) 60 14 6 23 ~0 29 18
5(c) 60 27 7 27 ~0 34 25
6 66 24 8 34 ~0 42 32
s Computation of Ly and Ly’ for (4.1).
» Solution of (4.1).
* Computation of Lg and Lz’ and solution of (4.4).
d Total time for computation of current distributions.
¢ Additional time for computation of radiation patterns.
top ®
z
® ® ® ®
-X -y X y
bottom ©
-z

Qe 900

180°
()

Fig. 6. zy-polarized radiation pattern in zy plane (field strength,
normalized to maximum value of unity, as function of the angle
¢) for a monopole antenna (A4) on metallic cylinder (C) with
four straight booms (B). Cylinder height = 0.22 m, cylinder
diameter = 0.20 m, monopole length = 0.12 m, boom length =
0.13 m, wavelength = 0.58 m. (a) Configuration, zyz-coordinate
system (centered at cylinder midpoint), and definition of angular
variable ¢. (b) Radiation pattern.

270°  §=380°

adding booms diametrically opposite to an antenna on
the curved surface of the cylinder, is shown The un-
disturbed pattern is shown in Fig. 4 (a), while patterns for
booms of lengths A/4 and 5\/4 are given in Figs. 4(b) and
(c), respectively. It is seen that the radiation patternin the
zy plane is changed noticeably by the addition of booms.
In all three cases the computations predict the measured
behavior satisfactorily.

For the examples in Fig. 5 the antenna is placed at the
top of the cylinder. The undisturbed pattern is shown in
Tig. 5(a), while patterns for booms of lengths »/4 and
3N\/4 are given in Figs. 5(b) and (c), respectively. Also in
these cases the measured results are satisfactorily pre-
dicted by the computations.

Fig. 6 demonstrates the numerical prediction of the
radiation pattern of an antenna on a cylinder with three
quarterwave booms.

No studies of the relative numerieal convergence as a
function of sampling density were made. The segmentation

Fig. 7. Segmentation of ¢ylinder.

of body and wires were made with as many patches and
segments as permitted by the available core storage in the
computer (500k bytes) and the computations were verified
by comparison with experiments. In all cases the number of
surface patches was larger than the number used in [6] in
an MFIE computation of surface currents on a sphere in a
plane wave field.

The number of surface patches, wire segments, and run
times for the seven examples described above were as
given in Table I.

Other computational examples and a more detailed
description of the computer program may be found in
[197]. The location of booms and antennas in the cylinder
version of the program is restricted to surface patches of
quadrilateral shape. No boom or antenna should be placed
directly on the edge of the eylinder or in the triangular
shaped patches on the end surfaces of the cylinder shown in
Fig. 7. No special treatment of the cylinder edges were
attempted. Apparently, this is not of any practical
importance for the computations, although the MFIE
obviously is not valid for field points right on the edge.

V1. ConcLusiON

A theoretical formulation in terms of combined magnetic
and electric field integral equations has been presented for
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antenna and scattering problems involving wires connected
to a conducting body. Numerical computations using the
method of moments for the solution have been made for a
configuration consisting of a eylindrical body with straight
wires attached to the surface. Comparison between the
computations and experiments shows good agreement.

The formulation and computer program described in
this paper seem suitable for solving electromagnetic
problems in which thin wires are connected to a con-
ducting body. Although the primary motivation for the
work presented was the need for computerized prediction
of radiation patterns for spacecraft VHF-monopole
antennas, the technique may prove useful also for the
examination of radiation from antennas on small aircrafts,
portable radio sets, etc.
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